Abstract. In the spirit of Ray and Singer we define a complex valued analytic torsion using non-selfadjoint Laplacians. We establish an anomaly formula which permits to turn this into a topological invariant. Conjecturally this analytically defined invariant computes the complex valued Reidemeister torsion, including its phase. We establish this conjecture in some non-trivial situations.
Introduction
Let M be a closed connected smooth manifold with Riemannian metric g. Suppose E is a flat complex vector bundle over M . Let h be a Hermitian metric on E. Recall the deRham differential d E : Ω * (M ; E) → Ω * +1 (M ; E) on the space of E-valued differential forms. Let d
CoEuler structures
Let M be a closed connected smooth manifold of dimension n with χ(M ) = 0. The set of coEuler structures Eul * (M ; C) is an affine version of H n−1 (M ; O C M ). That is the cohomology group H n−1 (M ; O C M ) with values in the complexified orientation bundle O C M acts free and transitively on Eul * (M ; C). CoEuler structures are well suited to remove the metric dependence from the Ray-Singer torsion. Below we will briefly recall their definition, and discuss an affine version of Poincaré duality relating Euler with coEuler structures. For more details and the general situation we refer to [8] or [11] .
Consider pairs (g, α), g a Riemannian metric on M , α ∈ Ω n−1 (M ; O C M ), which satisfy dα = e(g).
Here e(g) ∈ Ω n (M ; O C M ) denotes the Euler form associated with g. In view of the Gauss-Bonnet theorem every g admits such α for we assumed χ(M ) = 0.
Two pairs (g 1 , α 1 ) and (g 2 , α 2 ) as above are called equivalent if
Here cs(g 1 , g 2 ) ∈ Ω n−1 (M ; O There is an obvious map Eul * (M ; R) → Eul * (M ; C) which is affine over the homomorphism
. In view of (−1) n e(g) = e(g) and (−1) n cs(g 1 , g 2 ) = cs(g 1 , g 2 ) the assignment ν( [g, α] ) := [g, (−1) n α] defines affine involutions on Eul * (M ; R) and Eul * (M ; C). For even n these involutions are affine over the identity and so we must have ν = id. For odd n they are affine over − id and thus must have a unique fixed point e * can ∈ Eul * (M ; R) ⊆ Eul * (M ; C). Since e(g) = 0 in this case, we have e * can = [g, 0] where g is any Riemannian metric. This canonic coEuler structure provides a natural identification of Eul * (M ; R) resp. Eul * (M ; C) with
, provided the dimension is odd. Finally, observe that the assignment [g, α] → [g,ᾱ] defines a complex conjugation e * →ē * on Eul * (M ; C) which is affine over the complex conjugation
. Clearly, the set of fixed points of this conjugation coincides with the image of Eul * (M ; R) ⊆ Eul * (M ; C).
Poincaré duality for Euler structures
Let M be a closed connected smooth manifold of dimension n with χ(M ) = 0. There is a canonic isomorphism
which is affine over the Poincaré duality H 1 (M ; 
for all closed one forms ω which vanish in a neighborhood of X , the zero set of X.
Here Ψ(g) ∈ Ω n−1 (T M \ M ; π * O C M ) denotes the Mathai-Quillen form [19] associated with g, and π : T M → M denotes the projection. With a little work one can show that (3) does indeed define an assignment as in (2) . Once this is established (2) is obviously affine over the Poincaré duality and hence an isomorphism. It follows immediately from (−X) * Ψ(g) = (−1) n X * Ψ(g) that P intertwines the involution on Eul(M ; C) with the involution on Eul * (M ; C). Moreover, P obviously intertwines the complex conjugations on Eul(M ; C) and Eul * (M ; C). Particularly, (2) restricts to an isomorphism P : Eul(M ; R) → Eul * (M ; R) affine over the Poincaré duality H 1 (M ; R) → H n−1 (M ; O and therefore ω E,b2 = ω E,b1 + det
If det b 1 and det b 2 are homotopic as fiber wise non-degenerate bilinear forms on det E, then the function det A : M → C × := C \ {0} is homotopic to the constant function 1. So we find a function log det A : M → C with d log det A = det A −1 d det A, and in view of (6) the cohomology classes of ω E,b1 and ω E,b2 coincide. We conclude that the cohomology class [ω E,b ] ∈ H 1 (M ; C) depends on the flat line bundle det E and the homotopy class [det b] of the induced nondegenerate bilinear form det b on det E only.
If E 1 and E 2 are two flat vector bundles with fiber wise non-degenerate symmetric bilinear forms b 1 and b 2 then ω E1⊕E2,b1⊕b2 = ω E1,b1 + ω E2,b2 .
If E ′ denotes the dual of a flat vector bundle E, and if b ′ denotes the bilinear form on E ′ induced from a fiber wise non-degenerate symmetric bilinear form b on E then clearly
IfĒ denotes the complex conjugate of a flat complex vector bundle E, and ifb denotes the complex conjugate bilinear form of a fiber wise non-degenerate symmetric bilinear form b on E, then obviously
Finally, if F is a real flat vector bundle and h is a fiber wise non-degenerate symmetric bilinear form on F one defines in exactly the same way a real KamberTondeur form ω F,h := − 1 2 tr(h −1 ∇ F h). If F C := F ⊗C denotes the complexification of F and h C denotes the complexification of h then clearly
in Ω * (M ; F C ) = Ω * (M ; F ) C .
Holonomy Suppose E is a flat complex vector bundle over a connected smooth manifold M . Let x 0 ∈ M be a base point. Parallel transport along closed loops provides an anti homomorphism π 1 (M, x 0 ) → GL(E x0 ), where E x0 denotes the fiber of E over x 0 .
Composing with the inversion in GL(E x0 ) we obtain the holonomy representation of E at x 0 hol E x0 : π 1 (M, x 0 ) → GL(E x0 ). Applying this to the flat line bundle det E := Λ rk(E) E we obtain a homomorphism hol det E x0
: π 1 (M, x 0 ) → GL(det E x0 ) = C × which factors to a homomorphism
Lemma 2.2. Suppose b is a non-degenerate symmetric bilinear form on E. Then
Here [ω E,b ], σ ∈ C denotes the natural pairing of the cohomology class [ω E,b ] ∈ H 1 (M ; C) and σ ∈ H 1 (M ; Z).
Proof. Let τ : [0, 1] → M be a smooth path with τ (0) = τ (1) = x 0 . Consider the flat vector bundle (det E) −2 := (det E ⊗ det E) ′ . Let β : [0, 1] → (det E) −2 be a section over τ which is parallel. Since det b defines a global nowhere vanishing section of (det E) −2 we find λ : [0, 1] → C so that β = λ det b. Clearly,
Differentiating β = λ det b we obtain 0 = λ ′ det b + λ∇ Taking (12) into account we obtain hol 
Reidemeister torsion
The combinatorial torsion is an invariant associated to a closed connected smooth manifold M , an Euler structure with integral coefficients e, and a flat complex vector bundle E over M . In the way we consider it here this invariant is a nondegenerate bilinear form τ comb E,e on the complex line det H * (M ; E) -the graded determinant line of the cohomology with values in (the local system of coefficients provided by) E. If H * (M ; E) vanishes, then τ comb E,e becomes a non-vanishing complex number. The aim of this section is to recall these definitions, and to provide some linear algebra which will be used in the analytic approach to this invariant in Section 4.
Throughout this section M denotes a closed connected smooth manifold of dimension n. For simplicity we will also assume vanishing Euler-Poincaré characteristics, χ(M ) = 0. At the expense of a base point everything can easily be extended to the general situation, see [6] , [8] , [11] and Section 9.
Finite dimensional Hodge theory
Suppose C * is a finite dimensional graded complex over C with differential d :
. Its cohomology is a finite dimensional graded vector space and will be denoted by H(C * ). Recall that there is a canonic isomorphism of complex lines
Let us explain the terms appearing in (13) in more details. If V is a finite dimensional vector space its determinant line is defined to be the top exterior
Here V even := q V 2q and V odd := q V 2q+1 are considered as ungraded vector spaces and V ′ := L(V ; C) denotes the dual space. For more details on determinant lines consult for instance [18] . Let us only mention that every short exact sequence of graded vector spaces 0 → U * → V * → W * → 0 provides a canonic isomorphism of determinant lines det U * ⊗ det W * = det V * . The complex C * gives rise to two short exact sequences
where B * and Z * denote the boundaries and cycles in C * , respectively. The isomorphism (13) is then obtained from the isomorphisms of determinant lines induced by (14) together with the canonic isomorphism det
* is equipped with a graded non-degenerate symmetric bilinear form b. That is, we have a non-degenerate symmetric bilinear form on every homogeneous component C q , and different homogeneous components are b-orthogonal. The bilinear form b will induce a non-degenerate bilinear form on det C * . Using (13) we obtain a non-degenerate bilinear form on det H(C * ) which is called the torsion associated with C * and b. It will be denoted by τ C * ,b .
Remark 3.1. Note that a non-degenerate bilinear form on a complex line essentially is a non-vanishing complex number. If C * happens to be acyclic, i.e. H(C * ) = 0, then canonically det H(C * ) = C and τ C * ,b ∈ C × is a genuine non-vanishing complex number -the entry in the 1 × 1-matrix representing this bilinear form.
Example 3.2. Suppose q ∈ Z, n ∈ N and A ∈ GL n (C). Let C * denote the acyclic complex C n d=A − −− → C n concentrated in degrees q and q+1. Let b denote the standard non-degenerate symmetric bilinear form on C * . In this situation we have τ C * ,b = (det A)
The bilinear form b permits to define the transposed d 
Lemma 3.3. Suppose C * is a finite dimensional graded complex over C which is equipped with a graded non-degenerate symmetric bilinear form b. Then via (16) we have
the product over all non-vanishing eigen values of the Laplacian acting in degree
Proof. Suppose (C * 1 , b 1 ) and (C * 2 , b 2 ) are finite dimensional complexes equipped with graded non-degenerate symmetric bilinear forms. Clearly,
and we obtain a canonic isomorphism of determinant lines det
. It is not hard to see that via this identification we have
In view of the b-orthogonal decomposition (15) we may therefore w.l.o.g. assume
The acyclicity of
).
A telescoping argument then shows
On the other hand, the b-orthogonal decomposition of complexes
together with (17) and the computation in Example 3.2 imply
which clearly coincides with (18) 
− → C concentrated in degrees 0, 1 and 2. Equip this complex with the standard symmetric bilinear form
Thus all of this complex is contained in the generalized 0-eigen space of ∆ b . The torsion of the complex computes to τ C * ,b = −z 2 . Observe that the kernel of ∆ b does not compute the cohomology; that the bilinear form becomes degenerate when restricted to the kernel of ∆ b ; and that the torsion cannot be computed from the spectrum of ∆ b .
Morse complex
Let E be a flat complex vector bundle over a closed connected smooth manifold M of dimension n. Suppose X = − grad g (f ) is a Morse-Smale vector field on M , see [23] . Let X denote the zero set of X. Elements in X are called critical points of f . Every x ∈ X has a Morse index ind(x) ∈ N which coincides with the dimension of the unstable manifold of x with respect to X. We will write X q := {x ∈ X | ind(x) = q} for the set of critical points of index q.
Recall that the Morse-Smale vector field provides a Morse complex C * (X; E) with underlying finite dimensional graded vector space
Here E x denotes the fiber of E over x, and O x denotes the set of orientations of the unstable manifold of x. The Smale condition tells that stable and unstable manifolds intersect transversally. It follows that for two critical points of index difference one there is only a finite number of unparametrized trajectories connecting them. The differential in C * (X; E) is defined with the help of these isolated trajectories and parallel transport in E along them.
Integration over unstable manifolds provides a homomorphism of complexes
where Ω * (M ; E) denotes the deRham complex with values in E. It is a folklore fact that (19) induces an isomorphism on cohomology, see [23] . Particularly, we obtain a canonic isomorphism of complex lines
Suppose χ(M ) = 0 and let e ∈ Eul(M ; Z) be an Euler structure. Choose a base point x 0 ∈ M . For every critical point x ∈ X choose a path σ x with σ(0) = x 0 and σ x (1) = x so that e = −X, x∈X (−1)
ind(x) σ x . This is possible in view of Lemma 2.1. Also note that IND −X (x) = (−1)
ind(x) . Choose a nondegenerate symmetric bilinear form b x0 on the fiber E x0 over x 0 . For x ∈ X define a bilinear form b x on E x by parallel transport of b x0 along σ x . The collection of bilinear forms {b x } x∈X defines a non-degenerate symmetric bilinear form on the Morse complex C * (X; E). It is elementary to check that the induced bilinear form on det C * (X; E) does not depend on the choice of {σ x } x∈X , and because χ(M ) = 0 it does not depend on x 0 or b x0 either. Hence the corresponding torsion is a non-degenerate bilinear form on det H(C * (X; E)) depending on E, e and X only. Using (20) we obtain a non-degenerate bilinear form on det H * (M ; E) which we will denote by τ comb E,e,X . For the following non-trivial statement we refer to [20] , [26] or the appendix in [2] . Theorem 3.5 (Milnor, Turaev) . The bilinear form τ comb E,e,X does not depend on X.
In view of Theorem 3.5 we will denote τ comb E,e,X by τ comb E,e from now on. Remark 3.7. The combinatorial torsion's dependence on the Euler structure is very simple, actually affine. For e ∈ Eul(M ; Z) and σ ∈ H 1 (M ; Z) we obviously have, see (11) τ
The dependence on E, i.e. the dependence on the flat connection, is subtle and interesting. Let us only mention the following 
Consider the flat line bundle E z := π * Ẽz over M . It follows from the Wang sequence of the fibration π : M → S 1 that for generic z we will have H * (M ; E z ) = 0. In this case
denotes the Lefschetz zeta function of ϕ. Here we wrote str and sdet for the super trace and the super determinant, respectively. For more details and proofs we refer to [16] and [8] .
Remark 3.9. Often the combinatorial torsion is considered as an element in (rather than a bilinear form on) det H * (M ; E). This element is one of the two unit vectors of τ comb E,e . It is a non-trivial task (and requires the choice of a homology orientation) to fix the sign, i.e. to describe which of the two unite vectors actually is the torsion [15] . Considering bilinear forms this sign issue disappears.
Basic properties of the combinatorial torsion If E 1 and E 2 are two flat vector bundles over M then we have a canonic isomorphism
This follows from C * (X; E 1 ⊕ E 2 ) = C * (X; E 1 ) ⊕ C * (X; E 2 ) and (17) . If E ′ denotes the dual of a flat vector bundle E then Poincaré duality induces an isomorphism
n+1 . Via this identification
where ν denotes the involution on Eul(M ; Z) discussed in Section 2. To see that use a Morse-Smale vector field X to compute τ comb E,e and use the Morse-Smale vector field −X to compute τ comb E ′ ⊗OM ,ν(e) . Then there is an obvious isomorphism of complexes
′ which induces Poincaré duality on cohomology.
If V is a complex vector space letV denote the complex conjugate vector space. If b is a bilinear form on V letb denote the complex conjugate bilinear form onV , that isb(v, w) = b(v, w). LetĒ denote the complex conjugate of a flat vector bundle E. Then we have a canonic isomorphism H * (M ;Ē) = H * (M ; E) which induces a canonic isomorphism of complex lines det H * (M ;Ē) = det H * (M ; E). Via this identification we have
This follows from C * (X;Ē) = C * (X; E). If V is a real vector space we let V C := V ⊗ C denote its complexification. If h is a real bilinear form on V we let h C denote its complexification, more explicitly
If F is real flat vector bundle its torsion, defined analogously to the complex case, is a real non-degenerate bilinear form on det H * (M ; F ). Let F C = F ⊗C denote the complexification of the flat vector bundle F . We have a canonic isomorphism H * (M ;
This follows from C * (X;
is positive definite. becomes a non-vanishing complex number. Throughout this section M denotes a closed connected smooth manifold of dimension n. For simplicity we will also assume vanishing Euler-Poincaré characteristics, χ(M ) = 0. At the expense of a base point everything can easily be extended to the general situation, see [6] , [8] , [11] and Section 9.
Ray-Singer torsion
Laplacians and spectral theory Suppose M is a closed connected smooth manifold of dimension n. Let E be a flat vector bundle over M . We will denote the flat connection of E by ∇ E . Suppose there exists a fiber wise non-degenerate symmetric bilinear form b on E. Moreover, let g be a Riemannian metric on M . This permits to define a symmetric bilinear form β g,b on the space of E-valued differential forms Ω * (M ; E),
Here
The wedge product is computed with respect to the canonic pairing of
denote its formal transposed with respect to β g,b . A straight forward computation shows that d
Define the Laplacian by
These are generalized Laplacians in the sense that their principal symbol coincides with the symbol of the Laplace-Beltrami operator.
In the next proposition we collect some well known facts concerning the spectral theory of ∆ E,g,b . For details we refer to [25] , particularly Theorems 8.4 and 9.3 therein. (i) The spectrum of ∆ E,g,b is discrete. For every θ > 0 all but finitely many points of the spectrum are contained in the angle {z ∈ C | −θ < arg(z) < θ}.
(ii) If λ is in the spectrum of ∆ E,g,b then the image of the associated spectral projection is finite dimensional and contains smooth forms only. We will refer to this image as the (generalized) λ-eigen space of ∆ E,g,b and denote it by Ω * g,b (M ; E)(λ). There exists N λ ∈ N such that
The restriction of
In view of Proposition 4.1 the generalized 0-eigen space Ω *
induces an isomorphism in cohomology. Indeed, in view of Proposition 4. (28) is indeed a quasi isomorphism. We obtain a canonic isomorphism of complex lines
In view of Proposition 4.1(ii) the bilinear form β g,b restricts to a non-degenerate bilinear form on Ω * g,b (M ; E)(0). Using the linear algebra discussed in Section 3 we obtain a non-degenerate bilinear form on det H(Ω * g,b (M ; E)(0)). Via (29) this gives rise to a non-degenerate bilinear form on det H * (M ; E) which will be denoted by τ an E,g,b (0). Let ∆ E,g,b,q denote the Laplacian acting in degree q. Define the zeta regularized product of its non-vanishing eigen values, as
Here the complex powers are defined with respect to any non-zero Agmon angle which avoids the spectrum of
Recall that for ℜ(s) > n/2 the operator (
−s is trace class. As a function in s this trace extends to a meromorphic function on the complex plane which is holomorphic at 0, see [24] or [25, Theorem 13.1] . It is clear from Proposition 4.1(i) that det ′ (∆ E,g,b,q ) does not depend on the Agmon angle used to define the complex powers.
Assume χ(M ) = 0 and suppose α ∈ Ω n−1 (M ; O C M ) such that dα = e(g). Consider the non-degenerate bilinear form on det H * (M ; E) defined by, cf. (4),
In Section 6 we will provide a proof of the following result which can be interpreted as an anomaly formula for the complex valued Ray-Singer torsion (1). Remark 4.4. The analytic torsion's dependence on the coEuler structure is very simple, actually affine. For e * ∈ Eul * (M ; C) and
Remark 4.5. Recall from Section 2 that for odd n there is a canonic coEuler structure e * can ∈ Eul * (M ; C) given by e * can = [g, 0]. The corresponding analytic torsion is:
τ
Note however that in general this does depend on the homotopy class [b], see for instance the computation for the circle in Section 5 below. This is related to the fact that e * can in general is not integral, cf. Remark 5.3 below. Basic properties of the analytic torsion Suppose E 1 and E 2 are two flat vector bundles with fiber wise non-degenerate symmetric bilinear forms b 1 and b 2 . Via the canonic isomorphism of complex lines det
For this note that via the identification Ω
Moreover, recall (7) for the correction terms. Suppose E ′ is the dual of a flat vector bundle E. Let b ′ denote the bilinear form on E ′ dual to the non-degenerate symmetric bilinear form b on E. The bilinear form b ′ induces a fiber wise non-degenerate symmetric bilinear form on the flat vector bundle E ′ ⊗ O M which will be denoted by b ′ too. Via the canonic isomorphism of complex lines det
where ν denotes the involution introduced in Section 2. This follows from the fact that (25) . Therefore ∆ E,g,b,q and ∆ E ′ ⊗OM ,g,b ′ ,n−q are isospectral and thus det
Here one also has and (8) . LetĒ denote the complex conjugate of a flat vector bundle E. Letb denote the complex conjugate of a fiber wise non-degenerate symmetric bilinear form on E. Via the canonic isomorphism of complex lines det
where e * →ē * denotes the complex conjugation of coEuler structures introduced in Section 2. For this note that ∆Ē ,g,b = ∆ E,g,b but the spectrum of ∆Ē ,g,b is complex conjugate to the spectrum of ∆ E,g,b and thus det
Suppose F is a flat real vector bundle over M . Let e * ∈ Eul(M ; R) be a coEuler structure with real coefficients. Let h be a fiber wise non-degenerate symmetric bilinear form on F . Proceeding exactly as in the complex case we obtain a non-degenerate bilinear form τ an F,e,[h] on the real line det H * (M ; F ). Note that although the Laplacians ∆ F,g,h need not be selfadjoint their spectra are invariant under complex conjugation and hence det ′ (∆ F,g,h,q ) will be real. Let F C denote the complexification of the flat bundle F , and let h C denote the complexification of h, a non-degenerate symmetric bilinear form on F C . Via the canonic isomorphism of complex lines det H * (M ;
For this note that via Ω * (M ;
Remark 4.6. Not every flat complex vector bundle E admits a fiber wise nondegenerate symmetric bilinear form b. However, since E is flat all rational Chern classes of E must vanish. Since M is compact, the Chern character induces an isomorphism on rational K-theory, and hence E is trivial in rational K-theory.
Thus there exists N ∈ N so that E N = E ⊕ · · · ⊕ E is a trivial vector bundle. Particularly, there exists a fiber wise non-degenerate bilinear form b on E N . In view of (30) the non-degenerate bilinear form τ
is a reasonable candidate for the analytic torsion of E. Note however, that this is only defined up to a root of unity.
Rewriting the analytic torsion Instead of just treating the 0-eigen space by means of finite dimensional linear algebra one can equally well do this with finitely many eigen spaces of ∆ E,g,b . Proposition 4.7 below makes this precise. We will make use of this formula when computing the variation of the analytic torsion through a variation of g and b. This is necessary since the dimension of the 0-eigen space need not be locally constant through such a variation. Note that this kind of problem does not occur in the selfadjoint situation, i.e. when instead of a non-degenerate symmetric bilinear form we have a hermitian structure.
Suppose γ is a simple closed curve around 0, avoiding the spectrum of ∆ E,g,b . Let Ω * g,b (M ; E)(γ) denote the sum of eigen spaces corresponding to eigen values in the interior of γ. Using Proposition 4.1 we see that the inclusion Ω *
Moreover, the restriction of
Hence the torsion provides us with a non-degenerate bilinear form on det H(Ω * g,b (M ; E)(γ)) and via (34) we get a non-degenerate bilinear form τ
the zeta regularized product of eigen values in the exterior of γ.
Proposition 4.7. In this situation, as bilinear forms on det H * (M ; E), we have:
denote the sum of the eigen spaces of ∆ E,g,b corresponding to non-zero eigen values in the interior of γ. Clearly, for every q we have det
Particularly,
Applying Lemma 3.3 to the finite dimensional complex Ω * g,b (M ; E)(γ) we obtain
Multiplying (35) with τ an E,g,b (0) and using (36) we obtain the statement.
A Bismut-Zhang, Cheeger, Müller type formula
The conjecture below asserts that the complex valued analytical torsion defined in Section 4 coincides with the combinatorial torsion from Section 3. It should be considered as a complex valued version of a theorem of Cheeger [12, 13] Here we slightly abuse notation and let P also denote the composition
We will establish this conjecture in several special cases, see Theorem 5.7, Theorem 5.10 and the discussion for the circle below. Remark 5.4. If Conjecture 5.1 holds, e ∈ Eul(M ; Z) and e * ∈ Eul * (M ; C) then:
This follows from Remark 4.4. Relative torsion In the situation above, consider the non-vanishing complex number
It follows from Remark 4.4, Remark 3.7 and Lemma 2.2 that this does not depend on e ∈ Eul(M ; Z). So we will denote it by S E, [b] . Conjecture 5.1 asserts that
Proposition 5.6. The following properties hold:
Proof. This follows immediately from the basic properties of analytic and combinatorial torsion discussed in Sections 3 and 4. For (ii) and (iii) one also has to use P (ν(e)) = ν(P (e)) and P (e) = P (ē), see Section 2.
Proposition 5.6(ii) permits to verify Conjecture 5.1, up to sign, for even dimensional orientable manifolds and parallel bilinear forms. 
where det H(f ) : det H(C * 1 ) → det H(C * 2 ) denotes the isomorphism of complex lines induces from the isomorphism in cohomology H(f ) :
Let us apply this to the integration homomorphism
where the notation is as in Proposition 4.7. Equip Ω * g,b (M ; E)(γ) with the restriction of β g,b , and equip C * (X; E) with the bilinear form b| X obtained by restricting b to the fibers over X . Since (38) is a quasi isomorphism the mapping cylinder is acyclic and the corresponding relative torsion is a non-vanishing complex number we will denote by 
The integral is absolutely convergent since ω E,b vanishes in a neighborhood of X .
Proof. Let x 0 ∈ M be a base point. For every critical point x ∈ X choose a path σ x with σ x (0) = x 0 and σ x (1) = x. Set c := x∈X (−1) ind(x) σ x and consider the Euler structure e := [−X, c] ∈ Eul(M ; Z). For the dual coEuler structure P (e) = [g, α] we have, see (3),
Let b x0 denote the bilinear form on the fiber E x0 obtained by restricting b. For x ∈ X letb x denote the bilinear form obtained from b x0 by parallel transport along σ x . Letb det C * (X;E) denote the induced bilinear form on det C * (X; E). This is the bilinear form used in the definition of the combinatorial torsion. We want to compare it with the bilinear form b det C * (X;E) on det C * (X; E) induced by the restriction b| X of b to the fibers over X . A simple computation similar to the proof of Lemma 2.2 yields
Let τ C * (X;E),b|X denote the non-degenerate bilinear form on det H * (M ; E) obtained from the torsion of the complex C * (X; E) equipped with the bilinear form b| X via the isomorphism det H * (M ; E) = det H(C * (X; E)), see (19) and (20) . Then, using (37),
Moreover, (40) implies
From Proposition 4.7 we obtain
Combining (41), (42) and (43) we obtain the statement of the proposition.
Analytic continuation
Consider an open subset U ⊆ C and a family of flat complex vector bundles {E z } z∈U . Such a family is called holomorphic if the underlying vector bundles are the same for all z ∈ U and the mapping z → ∇ Proof. Let X be a Morse-Smale vector field on M . Let g be a Riemannian metric on M . In view of Theorem 4.2 we may w.l.o.g. assume ∇ E z b z = 0 in a neighborhood of X . W.l.o.g. we may assume that there exists a simple closed curve γ around 0 so that the spectrum of ∆ E z ,g,b z avoids γ for all z ∈ U . From Proposition 5.8 we know:
Since ∆ E z ,g,b z depends holomorphically on z, each of the three factors in this expression for S E z ,[b z ] will depend holomorphically on z too.
The previous proposition allows, in some cases, to derive Conjecture 5.1 from a theorem of Cheeger [12, 13] The circle, a simple explicit example Consider M := S 1 . In this case it is possible to explicitly compute the combinatorial and analytic torsion, see below. It turns out that Conjecture 5.1 holds true for every flat vector bundle over the circle.
We think of S 1 as {z ∈ C | |z| = 1}. Equip S 1 with the standard Riemannian metric g of circumference 2π. Orient S 1 in the standard way. Let θ denote the angular 'coordinate'. Let ∂ ∂θ denote the corresponding vector field which is of length 1 and induces the orientation. For the dual 1-form we write dθ.
Let k ∈ N and suppose a ∈ C ∞ (S 1 , gl k (C)). Let E a denote the trivial vector bundle S 1 × C k equipped with the flat connection ∇ = ∂ ∂θ + a.
Here and in what follows we use the identifications Ω 0 (M ;
where the latter stems from the global coframe dθ.
where Sym × k (C) denotes the space of complex nondegenerate symmetric k × k-matrices. We consider b as a fiber wise non-degenerate symmetric bilinear form on E a . For the induced bilinear form on Ω * (S 1 ; E a ) we have:
A straight forward computations yields: ] ∈ Eul * (S 1 ; C). Then P (e) = e * , see (3) . Assuming acyclicity, i.e. 1 is not an eigen value of A, we conclude:
Observe that this is independent of [b], cf. Remark 5.3. Considering a Morse-Smale vector field X with two critical points and the Euler structure e we obtain a Morse complex C * (X; E a ) isomorphic to 
where
does depend on b. Note that this sign s [b] appears, although we consider the torsion as a bilinear form, i.e. we essentially consider the square of what is traditionally called the torsion.
On odd dimensional manifolds one often considers the analytic torsion without a correction term, i.e. one considers τ an E,e * can , [b] . Let us give two reasons why this is not such a natural choice as it might seem. First, the celebrated fact that the Ray-Singer torsion on odd dimensional manifolds does only depend on the flat connection, is no longer true in the complex setting as the appearance of the sign s [b] shows. Of course a different definition of complex valued analytic torsion might circumvent this problem. More serious is the second point. One would expect that the analytic torsion as considered above is the square of a rational function on the space of acyclic representations of the fundamental group. As the computation for the circle shows, this cannot be true for τ an E,e * can , [b] , simply because √ det A cannot be rational in A ∈ GL k (C). Any reasonable definition of complex valued analytic torsion will have to face this problem.
If one is willing to consider τ an E,e * , [b] where e * is an integral coEuler structure both problems disappear, assuming E admits a non-degenerate symmetric bilinear form and Conjecture 5.1 is true. Then τ is the square of a rational function on the space of acyclic representations of the fundamental group. This follows from the fact that τ comb E,e with P (e) = e * is the square of such a rational function, see [8] .
Proof of the anomaly formula
We continue to use the notation of Section 4. The proof of Theorem 4.2 is based on the following two results whose proof we postpone till Section 8.
Here LIM denotes the renormalized limit, see [1, Section 9.6], which in this case is actually an ordinary limit.
Proposition 6.2. Suppose ξ ∈ Γ(end(T M )) is symmetric with respect to g, and let
Again LIM denotes the renormalized limit, which in this case is just the constant term of the asymptotic expansion for t → 0. Moreover, we use the notation (∂ 2 cs)(g, gξ) := ∂ ∂t | 0 cs(g, g + tgξ). Let us now give a proof of Theorem 4.2. Suppose g u and b u depend smoothly on a real parameter u. Let γ be a simple closed curve around 0 and assume w.l.o.g. that u varies in an open set U so that the spectrum of ∆ u := ∆ E,gu,bu avoids the curve γ for all u ∈ U . Let Q u denote the spectral projection onto the eigen spaces corresponding to eigen values in the exterior of γ, and Q u,q the part acting in degree q. Let us write∆ u := ∂ ∂u ∆ u , and∆ u,q for the part acting in degree q. From the variation formula for the determinant of generalized Laplacians, see for instance [1, Proposition 9 .38], we obtain
where N denotes the grading operator which acts by multiplication with q on Ω q (M ; E). Choose u 0 ∈ U and define G u ∈ Γ(Aut(T M )) by
and similarly B u ∈ Γ(Aut(E)) by
Let Λ * G * u denote the natural extension of G u to Γ(Aut(Λ * T * M )) and define
,gu,bu we thus have, see (25) ,
where Λ * (g 
uȦu ] and the fact that the super trace vanishes on super commutators we get:
Together with (45) this gives ∂ ∂u log
Let us write Ω * u := Ω * E,gu,bu (M ; E)(γ). Note that this is a family of finite dimensional complexes smoothly parametrized by u ∈ U . Let P u = 1 − Q u denote the spectral projection of ∆ u onto Ω * u . Note that since str P u P u = const we have str P uṖu = 0. For sufficiently small w − u the restriction of the spectral projection
w is an isomorphism of complexes. We get a commutative diagram of determinant lines:
Writing β u := β E,gu,bu and τ an u (γ) := τ an E,gu,bu (γ), we obtain, for sufficiently small
Here the two non-degenerate bilinear forms
Using (48) we thus obtain τ an
In view of str(P uṖu ) = 0 we get
Combining this with (47) and Proposition 4.7 we obtain uḃu ) e(g u ).
Using Proposition 6.2 with ξ = g
Using (46) we conclude
Let us finally turn to the correction term. If [g u , α u ] ∈ Eul * (M ; C) represent the same coEuler structure then α w − α u = cs(g u , g w ) and thus
Moreover, we have ∂ ∂u
and Stokes' theorem we get
Combining (49), (50) and (51) we obtain
This completes the proof of Theorem 4.2.
Asymptotic expansion of the heat kernel
In this section we will consider Dirac operators associated to a class of Clifford super connections. The main result Theorem 7.1 below computes the leading and subleading terms of the asymptotic expansion of the corresponding heat kernels. In Section 8 we will apply these results to the Laplacians introduced in Section 4 which are squares of such Dirac operators. We refer to [1] for background on the Clifford super connection formalism. Let (M, g) be a closed Riemannian manifold of dimension n. Let Cl = Cl(T * M, g) denote the corresponding Clifford bundle. Recall that Cl = Cl + ⊕ Cl − is a Z 2 -graded filtered algebra, and let us write Cl k for the subspace of filtration degree k. Recall that we have the symbol map
where c denotes the usual Clifford action on Λ * T * M . Explicitly, for a ∈ T * x M ⊆ Cl x and α ∈ Λ * T * x M we have c(a) · α = a ∧ α − i ♯a α, where ♯a = g −1 a ∈ T x M and i ♯a denotes contraction with ♯a. Here the metric is considered as an isomorphism g : T M → T * M and g −1 denotes its inverse. Recall that σ is an isomorphism of filtered Z 2 -graded vector spaces inducing an isomorphism on the level of associated graded algebras.
Let E = E + ⊕ E − be a Z 2 -graded complex Clifford module over M . The forms with values in E inherit a Z 2 -grading which will be denoted by:
and similarly for Ω(M ; E) − . Let us write end Cl (E) for the bundle of algebras of endomorphisms of E which (super) commute with the Clifford action, and let us indicate its Z 2 -grading by:
Recall that we have a canonic isomorphism of Z 2 -graded algebras end(E) = Cl ⊗ end Cl (E).
(52)
∓ is a Clifford super connection, see [1, Definition 3.39] . Recall that with respect to (52) its curvature A 2 ∈ Ω(M ; end(E))
and F
E/S A
∈ Ω(M ; end Cl (E)) + is called the twisting curvature, see [1, Proposition 3.43] . Here e i is a local orthonormal frame of T M , e i := ge i denotes its dual local coframe and c i = c(e i ) denotes Clifford multiplication with e i .
Recall that the Dirac operator D A associated to the Clifford super connection A is given by the composition
where c : Cl ⊗E → E denotes Clifford multiplication.
We will from now on restrict to very special Clifford super connections on E which are of the form
is a Clifford connection on E, and A ∈ Ω 0 (M ; end − Cl (E)). For the associated Dirac operator acting on Γ(E) we have
Consider the induced connection ∇ : Ω * (M ; end ± (E)) → Ω * +1 (M ; end ± (E)). Since ∇ is a Clifford connection this induced connection preserves the subbundle end Cl (E). Moreover, we have [D ∇ , A] = c(∇A) and thus
Here ∇A ∈ Ω 1 (M ; end
, and the Clifford action c(B) of B ∈ Ω(M ; end(E)) on Γ(E) is given by the composition:
Note that for B ∈ Ω 0 (M ; end(E)) the Clifford action coincides with the usual action c(B) = B. 
Moreover, with the help of the symbol map
and writing α [j] for the j-form piece of α we have
HereÂ g ∈ Ω 4 * (M ; R) denotes theÂ-genuŝ
and R ∈ Ω 2 (M ; end(T M )) the Riemannian curvature. Moreover, we have
Proof. The proof below parallels the one of Theorem 4.1 in [1] where the case A = 0 is treated. It too is based on Getzler's scaling techniques, see [17] . In order to prove Theorem 7.1 we need to compute one more term in the asymptotic expansion of the rescaled operator.
The calculation is local. Let x 0 ∈ M . Use normal coordinates, i.e. the exponential mapping of g, to identify a convex neighborhood U of 0 ∈ T x0 M with a neighborhood of x 0 . Choose an orthonormal basis {∂ i } of T x0 M and linear coordinates x = (x 1 , . . . , x n ) on T x0 M such that {dx i } is dual to {∂ i }. Let R := i x i ∂ i denote the radial vector field. Note that every affinely parametrized line through the origin in T x0 M is a geodesic. Let {e i } denote the local orthonormal frame of T M obtained from {∂ i } by parallel transport along R, i.e. ∇ g R e i = 0 and e i (x 0 ) = ∂ i . Let {e i } denote the dual local coframe. Trivialize E with the help of radial parallel transport by ∇. Use this trivialization to identify Γ(E| U ) with C ∞ (U, E 0 ), where E 0 := E x0 . Let ω ∈ Ω 1 (U ; end(E 0 )) denote the connection one form of this trivialization, i.e. ∇ ∂i = ∂ i + ω(∂ i ). For the curvature F of ∇ we then have F = dω + ω ∧ ω ∈ Ω 2 (M ; end + (E 0 )). By the choice of trivialization of E| U we have i R ω = 0 and thus i R F = i R (dω + ω ∧ ω) = i R dω. Contracting this with ∂ i and using
where L R denotes Lie derivative with respect to the vector field R. Let ω(∂ i ) ∼ α ∂αω(∂i)x 0 α! x α denote the Taylor expansion of ω(∂ i ) at x 0 , written with the help of multi index notation. Using L R x α = |α|x α we obtain the following Taylor expan-
Comparing the Taylor expansions of both sides of (60) we obtain the Taylor expansion, cf. Proposition 1.18 in [1],
For the first few terms this gives:
Let c i := c(e i ) ∈ Γ(E| U ) = C ∞ (U, end(E 0 )) denote Clifford multiplication with e i . Since ∇ g R e i = 0 and since ∇ is a Clifford connection we have
So we see that c i is actually a constant in end(E 0 ), cf. [1, Lemma 4.14]. Particularly, our trivialization of E| U identifies Γ(end Cl (E| U )) with C ∞ (U, end Cl (E 0 )). Recall that
with
). Let ∆ denote the connection Laplacian given by the composition
Let r denote the scalar curvature of g and recall Lichnerowicz' formula [1, Theorem 3.52]
Recall our Clifford super connection
Use the symbol map to identify end(
. Define the rescaled kernel r u := u n/2 δ u p and the rescaled operator
Note that setting t = 1 and x = 0 and using (56) we get an asymptotic expansion
The claim (57) just states that the terms for −n ≤ j < 0 vanish, i.e. there are no Laurent terms in (65). Statements (58) and (59) are explicit expressions for the term j = 0 and j = 1 in (65). Let us compute the first terms in the asymptotic expansion of L u in powers of u 1/2 . Let us write ε j for the exterior multiplication with e j , and ι j for the contraction with e j . Note that
and recall that c j = ε j − ι j . Let us look at the simplest part first. Clearly,
Next we have ∇A = i (∇ ei A)e i , hence c(∇A) = i (∇ ei A)c i and therefore
∇ (e i , e j )c i c j , and thus
From (62) we easily get
where R ij := 
ei and the fact that ∇ g ei e i vanishes at x 0 we obtain
in a parity preserving way. Let us write
Then (66), (67), (68), (69) together with (63) finally give
Recall, see [1, Lemma 4.19] , that there exist Λ * T * M ⊗ end Cl (E 0 ) valued polynomialsr i on R × U so that we have an asymptotic expansion
where q t (x) = (4πt) −n/2 e −|x| 2 /4t . Moreover, the initial condition for the heat kernel translates tor
Setting t = 1, x = 0 in (71) we get
Comparing this with (65) we obataiñ
Expanding the equation (∂ t + L u )r u = 0 in a power series in u 1/2 with the help of (71) and (70) 
Setting t = 1, x = 0 we obtaiñ
In view of (74) we thus have established (58). The term qr 1 satisfies (∂ t + K)(qr 1 ) = (A ′ + K even )(qr 0 ). Let us writẽ
. Note that in view of (74) we havẽ
It thus suffices to determiner
we must have (∂ t +K)(qr odd 1 ) = A ′ (qr 0 ). We make the following ansatz, we suppose thatr 
Using (76) we conclude
∇ ) = 0, and similarly dÂ g = 0, from which we finally obtain (59).
Certain heat traces
Since E is Z 2 -graded we have a super trace str E : Γ(end(E)) → Ω 0 (M ; C). If n is even we will also make use of the so called relative super trace, see [1, Definition 3.28], str E/S : Γ(end
Here Γ ∈ Γ(Cl ⊗O C M ) denotes the chirality element, see [1, Lemma 3.17] . With respect to a local orthonormal frame {e i } of T M and its dual local coframe {e i } the chirality element Γ is given as i n/2 e 1 · · · e n times the orientation of (e 1 , . . . , e n ). This relative super trace gives rise to
M ) which will be denoted by the same symbol. For every φ ∈ Γ(end(E)) we have
where 
Combining this with (77) we obtain str Φe
We thus get an asymptotic expansion, see (56), str Φe
as t → 0, from which the desired formula follows at once. 
Proof. For odd n this follows immediately from Lemma 7.3. So assume n is even.
Equation (80) 
whereas LIM t→0 str c(V )e
Proof. If n is odd the statement follows immediately from Lemma 7.3. So assume n is even.
.
Applying Lemma 7.3 and using Stokes' theorem we obtain (81).
Application to Laplacians
Below we will see that the Laplacians ∆ E,g,b introduced in Section 4 are the squares of Dirac operators of the kind considered in Section 7. Applying Corollaries 7.4 and 7.5 will lead to a proofs of Propositions 6.1 and 6.2, respectively.
The exterior algebra as Clifford module Let (M, g) be a Riemannian manifold of dimension n. In order to understand the Clifford module structure of Λ := Λ * T * M we first note that Λ is a Clifford module forĈl := Cl(T * M, −g) too. Let us writeĉ for the Clifford multiplication ofĈl on Λ. Explicitly, for a ∈ T * x M ⊆Ĉl and α ∈ Λ * T * x M we haveĉ(a)α = a ∧ α + i ♯a α, where ♯a := g −1 a ∈ T x M and i ♯a denotes contraction with ♯a. It follows from this formula that everyĉ(a) commutes with the Clifford action of Cl. We thus obtain an isomorphism of Z 2 -graded filtered algebraŝ c :Ĉl → end Cl (Λ).
Let us writeσ
:Ĉl → Λ,σ(a) :=ĉ(a) · 1 for the symbol map ofĈl.
As in (54) define RĈ l ∈ Ω 2 (M ;Ĉl) by 
where (1 ⊗ĉ) : Ω(M ;Ĉl) → Ω(M ; end Cl (Λ)). Indeed, the curvature of Λ, R Λ ∈ Ω 2 (M ; end(Λ)), can be written as
where ε j ∈ Γ(end(Λ)) denotes exterior multiplication with e j , and ι i ∈ Γ(end(Λ)) denotes contraction with e i . Using
from which we read off (82), see (53). Also note that we have
If n is even then the relative super trace
where T : Λ → O C M denotes the Berezin integration associated with g. Indeed, since [Ĉl,Ĉl] =Ĉl n−1 , see (78), both sides of (84) vanish for a ∈Ĉl n−1 . Checking (84) onĈl/Ĉl n−1 is straight forward. We will also make use of the formula To check this equation note that the assumption on the form degree and the filtration degree of a implies:
Using the fact that 1 ⊗ĉ is an algebra isomorphism and (84) we obtain str Λ/S ((1 ⊗ĉ)a) n/2 = str Λ/S (1 ⊗ĉ)(a n/2 )
where we made use of the fact that 1 ⊗σ induces an isomorphism on the level of associated graded algebras, for the last equality. Combined with the previous two equations this proves (85).
Lemma 8.1. Let (M, g) be a Riemannian manifold of even dimension n. Then
Proof. Consider the negative of the Riemannian curvature −R ∈ Ω 2 (M ; Λ 2 T * M ) and its exponential exp Λ (−R) ∈ Ω(M ; Λ). Recall that
Using (83), (85) and (82) we conclude:
, and consider ∇ g V ∈ Ω 2 (M ; end Cl (Λ)). Then, for every closed one form ω ∈ Ω 1 (M ; C), we have
Proof. SetM := M × R and consider the two natural projections p :M → M and t :M → R. Consider the bundleT M := p * T M overM , and equip it with the fiber metricg := p * (g + tξ). For sufficiently small t, this will indeed be nondegenerate. For t ∈ R let inc t : M →M denote the inclusion x → (x, t). Define a connection∇ onT M so that inc * t∇ = ∇ g+tξ for sufficiently small t, where ∇ g+tξ denotes the Levi-Civita connection of g + tξ, and so that∇ ∂t = ∂ t + 1 2g
It is not hard to check thatg is parallel with respect to∇, i.e.∇g = 0. Let e(T M,g,∇) ∈ Ω n (M ; OT M ) denote the Euler form of this Euclidean bundle. Recall that
denote the isomorphism of graded algebras obtained by interchanging variables.
. With this notation we have
where R denotes the Riemannian curvature of g. We obtain
and wedging with ω we get
Next, note that for a ∈ Λ n T * M ⊗ Λ n T * M we have T (S(a)) = T (a). Together with the symmetries of the Riemann curvature, S(R) = R, we obtain
In view of (83) we have:
Moreover, using (82) and (1 ⊗ĉ)(
Using these two equations and applying (85) we obtain
The Laplacians as squares of Dirac operators
Let E be a flat complex vector bundle equipped with a fiber wise non-degenerate symmetric bilinear form b. Let ∇ E denote the flat connection on E. Consider
end(E)) and introduce the connection, cf. [2, Section 4],
on E. Consider the Clifford bundle E := Λ ⊗ E with Clifford connection
Since the two summands commute we obtain
An easy computation shows that the Dirac operator associated to the Clifford connection ∇ E,g,b is
Setting
we obtain a Clifford super connection
For the associated Dirac operator
So we see that the Laplacians introduced in Section 4 are indeed squares of Dirac operators of the type considered in Theorem 7.1.
Proof of Proposition 6.1
For odd n the statement follows immediately from Lemma 7.3. So let us assume that n is even. We will apply Corollary 7.4 to the Clifford super connection (90) and U := φ. From (87) 
Proof of Proposition 6.2
For odd n the statement follows immediately from Lemma 7.3. So let us assume n is even. Considerξ := gξ ∈ Γ(T * M ⊗ T * M ), and use the bundle map 1 ⊗ĉ : On the other hand we clearly have c(V ) = i,j g(ξe i , e j ) Here we also used (89) for the third equality, and Lemma 8.2 for the last one. We conclude: 
The case of non-vanishing Euler-Poincaré characteristics
It is not necessary to restrict to manifolds with vanishing Euler characteristics. In the general situation [8, 11] Euler structures, coEuler structures, the combinatorial torsion and the analytic torsion depend on the choice of a base point. Given a path connecting two such base points everything associated with the first base point identifies in an equivariant way with the everything associated to the other base point. However, these identifications do depend on the homotopy class of such a path. Below we sketch a natural way to conveniently deal with this situation. The set of Euler structures Eul x0 (M ; Z) depends on a base point x 0 ∈ M . Given a path connecting two base points x 0 and x 1 one can identify Eul x0 (M ; Z) with Eul x1 (M ; Z). This identification is equivariant for the H 1 (M ; Z)-actions but depends on the homotopy class of this path. Hence one can consider the set of Euler structures as a flat principal bundle Eul(M ; Z) over M with structure group H 1 (M ; Z). Its holonomy is given by the composition Similarly, the set of Euler structures with complex coefficients can be considered as a flat principal bundle Eul(M ; C) over M with structure group H 1 (M ; C) and holonomy given by the composition Let Det × (M ; E) denote its frame bundle, a flat principal bundle over M with structure group C × and holonomy given by
We will also consider the flat principal bundle Det × (M ; E) −2 over M with structure group C × and holonomy given by the composition Note that elements in Det × (M ; E) −2 can be considered as non-degenerate bilinear forms on the corresponding fiber of Det(M ; E).
The combinatorial torsion defines a parallel homomorphism of flat principal bundles τ (95) which is equivariant over the homomorphism of structure groups
This formulation encodes in a rather natural way the combinatorial torsion's dependence on the Euler structure and its base point. If b is a fiber wise non-degenerate symmetric bilinear form on E, its analytic torsion provides a parallel homomorphism of flat principal bundles 
